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p-ADIC SUPERCONGRUENCES CONJECTURED BY SUN
YONG ZHANG
Abstract. In this paper we prove three results conjectured by Z.-W. Sun. Let
p be an odd prime and let h ∈ Z with 2h − 1 ≡ 0 (mod p). For a ∈ Z+ and
pa > 3, we show that
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡ 0 (mod pa+1).
Also, for any n ∈ Z+ we have
νp
( n−1∑
k=0
(
hn− 1
k
)(
2k
k
)(
−
h
2
)k)
≥ νp(n),
where νp(n) denotes the p-adic order of n. For any integer m 6≡ 0 (mod p) and
positive integer n, we have
1
pn
( pn−1∑
k=0
(
pn− 1
k
) (2k
k
)
(−m)k
−
(
m(m− 4)
p
) n−1∑
k=0
(
n− 1
k
) (2k
k
)
(−m)k
)
∈ Zp,
where ( . ) is the Legendre symbol and Zp is the ring of p-adic integers.
1. Introduction
Let p be an odd prime. In 2006, Pan and Sun [3] proved the congruence
p−1∑
k=0
(
2k
k + d
)
≡
(
p− d
3
)
(mod p) for d = 0, . . . , p
via a curious combinatorial identity. For any positive integer a, later Sun and
Tauraso [13] established the following general result
pa−1∑
k=0
(
2k
k
)
≡
(
pa
3
)
(mod p2).
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Let A,B ∈ Z. The Lucas sequence un = un(A,B) (n ≥ 0) is given by
u0 = 0, u1 = 1 and un+1 = Aun −Bun−1 (n ≥ 1).
If p is an odd prime not dividing B, then it is known that p | up−(∆
p
) (see, e.g., [6]).
For a non-zero integer n and a prime p, let νp(n) denote the p-adic valuation (or
p-adic order) of n, i.e., νp(n) is the largest integer such that p
νp(n) | n, especially
νp(0) = +∞ and we define νp(
m
n
) = νp(m)− νp(n) for rational number
m
n
.
In 2011, Sun [7] proved that, for any nonzero integer m and odd prime p with
p ∤ m, there holds
p−1∑
k=0
(
2k
k
)
mk
≡
(
∆
p
)
+ up−(∆
p
)(m− 2, 1) (mod p
2), (1.1)
where ∆ = m(m− 4). As a common extension of (1.1), Sun [12] showed that
1
pn
( pn−1∑
k=0
(
2k
k
)
mk
−
(
∆
p
) n−1∑
k=0
(
2k
k
)
mk
)
∈ Zp (1.2)
and furthermore
1
n
( pn−1∑
k=0
(
2k
k
)
mk
−
(
∆
p
) n−1∑
k=0
(
2k
k
)
mk
)
≡
(
2n
n
)
2mn−1
up−(∆
p
)(m− 2, 1) (mod p
2). (1.3)
Let p be an odd prime and let m be an integer with p ∤ m. One can easily get
the following formulae:
p−1∑
k=0
(
p− 1
k
)
(−1)k
(
2k
k
)
mk
≡
p−1∑
k=0
(
2k
k
)
mk
(mod p). (1.4)
It looks like the left-hand side of (1.4) has some connection with the right-hand side.
Motivated by (1.1) and (1.4), Sun [10] determined the sum
∑pa−1
k=0
(
hpa−1
k
)(
2k
k
)
/mk
modulo p2, where h is a p-adic integer and m ∈ Z with p ∤ m. For example, if
h 6≡ 0 (mod p) and ((2h 6≡ 1 (mod p)) or pa > 3), then
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡
(
1− 2h
pa
)(
1 + h
((
4−
2
h
)p−1
− 1
))
(mod p2). (1.5)
It is natural to ask whether there exists the supercongruenc as (1.5) modulo the
higher powers of p in the case 2h− 1 ≡ 0 (mod p) and pa > 3. Sun [10] managed
to investigate the above case and made the following conjecture. The first aim of
this paper is to prove the conjectured results.
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Theorem 1.1. Let p be an odd prime and let h ∈ Z with 2h− 1 ≡ 0 (mod p). If
a ∈ Z+ and pa > 3, then
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡ 0 (mod pa+1). (1.6)
Also, for any n ∈ Z+ we have
νp
( n−1∑
k=0
(
hn− 1
k
)(
2k
k
)(
−
h
2
)k)
≥ νp(n). (1.7)
On the other hand, based on (1.2) and (1.4), Sun [12] conjectured the corre-
sponding result with p ∤ m .The second aim of this paper is to show the following
result.
Theorem 1.2. Let p be an odd prime and let ∆ = m(m − 4). For any integer
m 6≡ 0 (mod p) and positive integer n, we have
1
pn
( pn−1∑
k=0
(
pn− 1
k
) (2k
k
)
(−m)k
−
(
∆
p
) n−1∑
k=0
(
n− 1
k
) (2k
k
)
(−m)k
)
∈ Zp. (1.8)
The remainder of the paper is organized as follows. In the next section, we give
some lemmas. The proofs of Theorems 1.1 and 1.2 will be given in Section 3.
2. Some Lemmas
In the following section, for an assertion A we adopt the notation:
[A] =
{
1, if A holds,
0, otherwise.
We know that [m = n] coincides with the Kronecker symbol δm,n.
Lemma 2.1. Let n, k, α be positive integers and p be a prime. Then(
pαn− 1
k
)
≡
(
pα−1n− 1⌊
k
p
⌋ )(−1)k−⌊kp⌋(1− npα k∑
j=1
p∤j
1
j
) (mod p2α). (2.1)
Proof. Note that(
pαn− 1
k
)
=
k∏
j=1
pαn− j
j
=
(
pα−1n− 1⌊
k
p
⌋ ) k∏
j=1
p∤j
pαn− j
j
≡
(
pα−1n− 1⌊
k
p
⌋ )(−1)k−⌊kp⌋(1− k∑
j=1
p∤j
pαn
j
) (mod p2α).
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This proves (2.1). 
Lemma 2.2. Let p be an odd prime. Then, for any integers a, b and positive
integers r, s, we have(
pra
psb
)
/
(
pr−1a
ps−1b
)
≡ 1( mod pr+s+min{r,s}−δp,3). (2.2)
This lemma is a well-known congruence due to R. Osburn, B. Sahu and A.
Straub, see, e.g., [2, (19)].
The following curious result is due to Sun [9]:
Lemma 2.3 (See [9, Theorem 1.1]). Let m ∈ Z and n ∈ Z+. Suppose that p is an
odd prime dividing m− 4. Then
νp
( n−1∑
k=0
(
2k
k
)
mk
)
≥ νp(n) and νp
( n−1∑
k=0
(
n− 1
k
)
(−1)k
(
2k
k
)
mk
)
≥ νp(n). (2.3)
Furthermore,
1
n
n−1∑
k=0
(
2k
k
)
mk
≡
(
2n−1
n−1
)
4n−1
+ δp,3[3 | n]
m− 4
3
(
2n
3ν3(n)
− 1
n
3ν3(n)
− 1
)
(mod pνp(m−4)) (2.4)
and also
1
n
n−1∑
k=0
(
n− 1
k
)
(−1)k
(
2k
k
)
mk
≡
Cn−1
4n−1
(mod pνp(m−4)−δp,3),
where Ck denote the Catalan number
1
k+1
(
2k
k
)
=
(
2k
k
)
−
(
2k
k+1
)
. Thus, for a ∈ Z+ we
have
1
pa
pa−1∑
k=0
(
2k
k
)
mk
≡ 1 + δp,3
m− 4
3
≡
m− 1
3
(mod p). (2.5)
Lemma 2.4. Let p be an odd prime and let h ∈ Z with 2h− 1 ≡ 0 (mod p). Let
l, α be nonnegative integers. If p ≥ 5, then we have
∑
⌊ kpα ⌋=l
(
2k
k
)(
h
2
)k
≡ pα
(
2l
l
)
4l
(mod pα+1). (2.6)
If p = 3, then
∑
⌊ kpα ⌋=l
(
2k
k
)(
h
2
)k
≡ 0 (mod pα). (2.7)
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If p = 3 and l ≡ 1 (mod 3), then
∑
⌊ kpα ⌋=l
(
2k
k
)(
h
2
)k
≡ pα
(
2l
l
)
4l
+ 2[α ≥ 1]pα−1
(1− 2h)
(
2l
l
)
h
(mod pα+1). (2.8)
Proof. Observe that
∑
⌊ kpα ⌋=l
(
2k
k
)(
h
2
)k
=
pαl+pα−1∑
k=0
(
2k
k
)(
h
2
)k
−
pαl−1∑
k=0
(
2k
k
)(
h
2
)k
.
Since 2
h
− 4 = 2(1−2h)
h
≡ 0 (mod p) and l ≡ 1 (mod 3), by (2.4) we obtain that
∑
⌊ kpα ⌋=l
(
2k
k
)(
h
2
)k
≡ (pαl + pα)
( ((2l+2)pα
(l+1)pα
)
4pαl+pα−12
+ δp,3[3 | (p
αl + pα)]
2(1− 2h)
3h
( 2(pαl+pα)
3ν3(p
αl+pα) − 1
pαl+pα
3ν3(p
αl+pα) − 1
))
− pαl
( (2pαl
pαl
)
4pαl−12
+ δp,3[3 | (p
αl)]
2(1− 2h)
3h
( 2pαl
3ν3(p
αl) − 1
pαl
3ν3(p
αl) − 1
))
(mod pα+1). (2.9)
When p ≥ 5, then by (2.2) and (2.9) we get
∑
⌊ kpα ⌋=l
(
2k
k
)(
h
2
)k
≡ pα(l + 1)
(
2l+2
l+1
)
4l2
− pαl
(
2l
l
)
4l−12
= pα(2l + 1)
(
2l
l
)
4l
− 2pαl
(
2l
l
)
4l
= pα
(
2l
l
)
4l
(mod pα+1).
Thus (2.6) is proved. (2.7) is eazily deduced from (2.9).
Finally we will prove (2.8). (2.8) is trivial when α = 0. Now we may assume
α ≥ 1. With the help of (2.2) and (2.9), for any nonnegative integer l with
l ≡ 1 (mod 3) we have
∑
⌊ k3α ⌋=l
(
2k
k
)(
h
2
)k
≡ 3α(l + 1)
((2l+2
l+1
)
4l2
+
2(1− 2h)
3h
(
2l + 1
l + 1
))
− 3αl
( (2l
l
)
4l−12
+
1− 2h
3h
(
2l
l
))
≡ 3α
(
2l
l
)
4l
+ 23α−1
(1− 2h)
(
2l
l
)
h
(mod 3α+1).
This concludes the proof. 
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Lemma 2.5. Let p be an odd prime and l, s be nonnegative integers. Let ∆ =
m(m− 4). For any integer m 6≡ 0 (mod p), we have
psl+ps−1∑
k=psl
(
2k
k
)
mk
−
(
∆
p
) ps−1l+ps−1−1∑
k=ps−1l
(
2k
k
)
mk
≡ ps−1
(
2l
l
)
ml
((2−
m
2
)l + 1)up−(∆
p
)(m− 2, 1) (mod p
s+1). (2.10)
Proof. The proof is very similar with (2.6). Clearly,
psl+ps−1∑
k=psl
(
2k
k
)
mk
=
psl+ps−1∑
k=0
(
2k
k
)
mk
−
psl−1∑
k=0
(
2k
k
)
mk
Substituting n = ps−1(l + 1) and n = ps−1l in (1.3), we obtain (2.10). 
Lemma 2.6. Let p be an odd prime and h ∈ Z with 2h− 1 ≡ 0 (mod p). Let a be
a positive integer. Then
pa−1∑
k=0
(
2k
k
)(
h
2
)k k∑
j=1
p∤j
1
j
≡
{
0 (mod p), if a ≥ 2,
2 (mod p), if a = 1.
(2.11)
Proof. Note that
pa−1∑
k=0
(
2k
k
)(
h
2
)k k∑
j=1
p∤j
1
j
=
pa−1−1∑
s=0
p−1∑
t=0
(
2(ps+ t)
ps+ t
)(
h
2
)ps+t ps+t∑
j=1
p∤j
1
j
(2.12)
and
ps+t∑
j=1
p∤j
1
j
=
ps−1∑
j=1
p∤j
1
j
+
ps+t∑
j=ps+1
1
j
=
ps−1∑
j=1
p∤j
1
ps− j
+
t∑
j=1
1
ps+ j
≡
t∑
j=1
1
j
(mod p).
6
With the help of Lucas’ theorem (cf. [4, p. 44]), it follows that
pa−1∑
k=0
(
2k
k
)(
h
2
)k k∑
j=1
p∤j
1
j
≡
pa−1−1∑
s=0
p−1
2∑
t=1
(
2s
s
)(
2t
t
)(
h
2
)s+t t∑
j=1
1
j
+
pa−1−1∑
s=0
p−1∑
t= p+1
2
(
2s+ 1
s
)(
2t− p
t
)(
h
2
)s+t t∑
j=1
1
j
≡
pa−1−1∑
s=0
(
2s
s
)(
h
2
)s p−12∑
t=1
(
2t
t
)(
h
2
)t t∑
j=1
1
j
(mod p).
(2.13)
Since p | ( 2
h
− 4), in view of (2.3), then
pa−1−1∑
s=0
(
2s
s
)(
h
2
)s
≡ 0 (mod pa−1). (2.14)
If a ≥ 2, combining (2.13) and (2.14), then (2.11) holds.
When a = 1. In fact, for k = 0, . . . , p−1
2
we clearly have
(
2k
k
)
=
(
−1
2
k
)
(−4)k ≡
(p−1
2
k
)
(−4)k (mod p).
Observing that 2h ≡ 1 (mod p), then we obtain
p−1
2∑
t=1
(
2t
t
)(
h
2
)t t∑
j=1
1
j
≡
p−1
2∑
t=1
( p−1
2
t
)
(−2h)t
t∑
j=1
1
j
≡
p−1
2∑
j=1
(−1)j
j
p−1
2∑
t=j
(p−1
2
t
)(
−1
t− j
)
(mod p). (2.15)
Recall that the Chu-Vandermonde identity (See, e.g., [1, p. 169])
n∑
k=0
(
x
k
)(
y
n− k
)
=
(
x+ y
n
)
.
7
Thus,
p−1
2∑
j=1
(−1)j
j
p−1
2∑
t=j
(p−1
2
t
)(
−1
t− j
)
=
p−1
2∑
j=1
(−1)j
j
( p−3
2
j − 1
)
=
2
p− 1
p−1
2∑
j=1
(p−1
2
j
)
(−1)j =
−2
p− 1
≡ 2 (mod p).
(2.16)
Therefore (2.11) with a = 1 is proved by (2.13), (2.15) and (2.16).
By the above, we have completed the proof of Lemma 2.6. 
3. Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1. We first prove (1.7). Let νp(n) = a. (1.7) is evidently trivial
when a = 0. Next we suppose that a ≥ 1. With the help of (2.1), we have
n−1∑
k=0
(
hn− 1
k
)(
2k
k
)(
−
h
2
)k
≡
n−1∑
k=0
(n
p
h− 1⌊
k
p
⌋ )(−1)k−⌊kp⌋(2k
k
)(
−
h
2
)k
=
n
p
−1∑
l=0
(n
p
h− 1
l
)
(−1)l
∑
⌊ kp⌋=l
(
2k
k
)(
h
2
)k
(mod pa).
By (2.6) and (2.7), for any odd prime p, then we get
∑
⌊ kp⌋=l
(
2k
k
)(
h
2
)k
≡ 0 (mod p).
Repeating the above process a− 1 times, we obtain that
n
p
−1∑
l=0
(n
p
h− 1
l
)
(−1)l
∑
⌊ kp⌋=l
(
2k
k
)(
h
2
)k
≡
n
p2
−1∑
m=0
(
n
p2
h− 1
m
)
(−1)m
∑
⌊ lp ⌋=m
∑
⌊ kp ⌋=l
(
2k
k
)(
h
2
)k
(by (2.1))
≡
n
pa
−1∑
l=0
( n
pa
h− 1
l
)
(−1)l
∑
⌊ kpa ⌋=l
(
2k
k
)(
h
2
)k
≡ 0 (mod pa).
Assuming that (1.6) holds, then we prove (1.7).
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Let us turn to (1.6). We assume that p ≥ 5. In view of (2.1), we obtain
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡
pa−1∑
k=0
(
hpa−1 − 1⌊
k
p
⌋ )(−1)k−⌊kp⌋(1− hpa k∑
j=1
p∤j
1
j
)(
2k
k
)(
−
h
2
)k
=
pa−1−1∑
l=0
((
hpa−1 − 1
l
)
(−1)l − 1
) ∑
⌊kp⌋=l
(
2k
k
)(
h
2
)k
(1− hpa
k∑
j=1
p∤j
1
j
)
+
pa−1−1∑
l=0
∑
⌊ kp⌋=l
(
2k
k
)(
h
2
)k
(1− hpa
k∑
j=1
p∤j
1
j
) (mod pa+1).
For any positive integer a, we have
p |
((
hpa−1 − 1
l
)
(−1)l − 1
)
.
Therefore,
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡
pa−1−1∑
l=0
(
hpa−1 − 1
l
)
(−1)l
∑
⌊kp⌋=l
(
2k
k
)(
h
2
)k
− hpa
pa−1−1∑
l=0
∑
⌊kp⌋=l
(
2k
k
)(
h
2
)k k∑
j=1
p∤j
1
j
(mod pa+1). (3.1)
With the help of Lemma 2.6, for a ≥ 2 we get
pa−1−1∑
l=0
∑
⌊ kp⌋=l
(
2k
k
)(
h
2
)k k∑
j=1
p∤j
1
j
=
pa−1∑
k=0
(
2k
k
)(
h
2
)k k∑
j=1
p∤j
1
j
≡ 0 (mod p). (3.2)
If a = 1, by (2.6), (2.11) and (3.1), then
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡
p−1∑
k=0
(
2k
k
)(
h
2
)k
− 2hp ≡ p(1− 2h) ≡ 0 (mod p2).
9
(1.6) holds with a = 1 and p ≥ 5. If a ≥ 2, combining (3.1) and (3.2), then we
have modulo pa+1,
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡
pa−1−1∑
l=0
(
hpa−1 − 1
l
)
(−1)l
∑
⌊ kp⌋=l
(
2k
k
)(
h
2
)k
≡
pa−s−1∑
l=0
(
hpa−s − 1
l
)
(−1)l
∑
⌊ kps ⌋=l
(
2k
k
)(
h
2
)k
.
(3.3)
Repeating this process s− 1 times, we have
pa−s−1∑
l=0
(
hpa−s − 1
l
)
(−1)l
∑
⌊ kps ⌋=l
(
2k
k
)(
h
2
)k
≡
pa−s−1−1∑
m=0
(
hpa−s−1 − 1
m
)
(−1)m
∑
⌊ lp ⌋=m
∑
⌊ kps ⌋=l
(
2k
k
)(
h
2
)k
− hpa−s
pa−s−1−1∑
m=0
∑
⌊ lp ⌋=m
l∑
j=1
p∤j
1
j
∑
⌊ kps ⌋=l
(
2k
k
)(
h
2
)k
. (3.4)
By (2.6) and (2.11), we get
hpa−s
pa−s−1∑
l=1
l∑
j=1
p∤j
1
j
∑
⌊ kps ⌋=l
(
2k
k
)(
h
2
)k
≡ hpa
pa−s−1∑
l=1
(
2l
l
)
4l
l∑
j=1
p∤j
1
j
≡ hpa
pa−s−1∑
l=1
(
2l
l
)(
h
2
)l l∑
j=1
p∤j
1
j
≡
{
2hpa (mod pa+1), if s = a− 1,
0 (mod pa+1), if s < a− 1.
(3.5)
At last, we only need to think about the case s = a− 1. From (3.3)-(3.5), we have
pa−1∑
k=0
(
hpa − 1
k
)(
2k
k
)(
−
h
2
)k
≡
pa−1∑
k=0
(
2k
k
)(
h
2
)k
− 2hpa
≡ (1− 2h)pa ≡ 0 (mod pa+1).
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So we obtain (1.6) with a ≥ 2 and p ≥ 5. When a ≥ 2 and p = 3, the proof of (1.6)
is very similar with the case p ≥ 5, only requiring a few additional discussions.
Without loss of generality, it suffices to study the following sum in (3.4). Note
that
h3a−s
3a−s−1−1∑
m=0
∑
⌊ l3 ⌋=m
l∑
j=1
3∤j
1
j
∑
⌊ k3s ⌋=l
(
2k
k
)(
h
2
)k
= h3a−s
3a−s−1−1∑
m=0
3m+2∑
l=3m
l∑
j=1
3∤j
1
j
∑
⌊ k3s ⌋=l
(
2k
k
)(
h
2
)k
≡ h3a−s
3a−s−1−1∑
m=0
( 3m+1∑
j=1
3∤j
1
j
∑
⌊ k3s ⌋=3m+1
(
2k
k
)(
h
2
)k
+
3m+2∑
j=1
3∤j
1
j
∑
⌊ k3s ⌋=3m+2
(
2k
k
)(
h
2
)k)
(mod 3a+1)
and
3m+1∑
j=1
3∤j
1
j
=
3m−1∑
j=1
3∤j
1
j
+
1
3m+ 1
≡ 1 (mod 3),
3m+2∑
j=1
3∤j
1
j
≡ 1 +
1
2
=
3
2
≡ 0 (mod 3).
With the help of (2.8), we obtain
h3a−s
3a−s−1−1∑
m=0
∑
⌊ l3 ⌋=m
l∑
j=1
3∤j
1
j
∑
⌊ k3s ⌋=l
(
2k
k
)(
h
2
)k
≡ h3a−s
3a−s−1−1∑
m=0
∑
⌊ k3s ⌋=3m+1
(
2k
k
)(
h
2
)k
≡ h3a−s
3a−s−1−1∑
m=0
(
3s
(
6m+2
3m+1
)
43m+1
+ 23s−1
1− 2h
h
(
6m+ 2
3m+ 1
))
(mod 3a+1). (3.6)
In light of the Lucas’ theorem,(
6m+2
3m+1
)
43m+1
=
2(6m+ 1)
43m+1(3m+ 1)
(
6m
3m
)
≡ 2
(
2m
m
)
(mod 3). (3.7)
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Recall that Strauss et al. [5] proved that for any positive integer n,
ν3
( n−1∑
k=0
(
2k
k
))
= 2ν3(n) + ν3
((
2n
n
))
. (3.8)
Combining (3.6), (3.7) with (3.8), then we have modulo (mod 3a+1),
h3a−s
3a−s−1−1∑
m=0
∑
⌊ l3 ⌋=m
l∑
j=1
3∤j
1
j
∑
⌊ k3s ⌋=l
(
2k
k
)(
h
2
)k
≡
2(2− h)3a
3
3a−s−1−1∑
m=0
(
2m
m
)
≡
{
0, if s ≤ a− 2,
2(2−h)3a
3
, if s = a− 1.
(3.9)
Since 2h ≡ 1 ≡ −2 (mod 3), then h ≡ 2 (mod 3). From (3.3), (3.4) and (3.9), then
3a−1∑
k=0
(
h3a − 1
k
)(
2k
k
)(
−
h
2
)k
≡
3a−1∑
k=0
(
2k
k
)(
h
2
)k
−
2(2− h)3a
3
≡
(2− h)3a
3h
−
2(2− h)3a
3
(by (2.5))
=
(1− 2h)(2− h)3a
3h
≡ 0 (mod 3a+1).
The proof of Theorem 1.1 is now complete. 
Proof of Theorem 1.2. Let n = pa−1d with p ∤ d and a ≥ 1. The proof of (1.8) is
very similar with (1.7). With the help of (2.1), for any integer s ∈ [0, a − 1] and
nonnegative integer k now we have
(−1)k
(
pa−sd− 1
k
)
− (−1)⌊
k
p ⌋
(
pa−s−1d− 1⌊
k
p
⌋ ) ∈ pa−sdZp. (3.10)
Therefore,
1
d
( pad−1∑
k=0
(
pad− 1
k
) (2k
k
)
(−m)k
−
(
∆
p
) pa−1d−1∑
k=0
(
pa−1d− 1
k
) (2k
k
)
(−m)k
)
≡
1
d
pa−1d−1∑
l=0
(
pa−1d− 1
l
)
(−1)l
( ∑
⌊ kp ⌋=l
(
2k
k
)
mk
−
(
∆
p
)(2l
l
)
ml
)
(mod pa).
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In light of Lemma 2.5 with s = 1, we have
1
d
pa−1d−1∑
l=0
(
pa−1d− 1
l
)
(−1)l
( ∑
⌊ kp ⌋=l
(
2k
k
)
mk
−
(
∆
p
)(2l
l
)
ml
)
=
1
d
pa−1d−1∑
l=0
((
pa−1d− 1
l
)
(−1)l −
(
pa−2d− 1⌊
l
p
⌋ )(−1)⌊ lp ⌋)( ∑
⌊ kp ⌋=l
(
2k
k
)
mk
−
(
∆
p
)(2l
l
)
ml
)
+
1
d
pa−2d−1∑
l=0
(
pa−2d− 1
l
)
(−1)l
( p2l+p2−1∑
k=p2l
(
2k
k
)
mk
−
(
∆
p
) pl+p−1∑
k=pl
(
2l
l
)
ml
)
.
By Lemma 2.5 and (3.10) we get
1
d
pa−1d−1∑
l=0
(
pa−1d− 1
l
)
(−1)l
( ∑
⌊ kp ⌋=l
(
2k
k
)
mk
−
(
∆
p
)(2l
l
)
ml
)
≡
1
d
pa−2d−1∑
l=0
(
pa−2d− 1
l
)
(−1)l
( p2l+p2−1∑
k=p2l
(
2k
k
)
mk
−
(
∆
p
) pl+p−1∑
k=pl
(
2l
l
)
ml
)
≡
1
d
d−1∑
l=0
(
d− 1
l
)
(−1)l
( pal+pa−1∑
k=pal
(
2k
k
)
mk
−
(
∆
p
) pa−1l+pa−1−1∑
k=pa−1l
(
2l
l
)
ml
)
≡ 0 (mod pa),
where the last result comes from Lemma 2.5.
In view of the above, we have completed the proof of Theorem 1.2. 
Acknowledgment. The author would like to thank the referee for helpful com-
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